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Abstract. α particle condensation is a novel state in nuclear systems. We briefly
review the present status on the study of α particle condensation and address the open
problems in this research field: α particle condensation in heavier systems other than
the Hoyle state, linear chain and α particle rings, Hoyle-analogue states with extra
neutrons, α particle condensation related to astrophysics, etc.
1. Introduction
Clustering in strongly interacting Fermi systems is a very important issue in many body
physics. Most well known is two body clustering, i.e. pairing, since it gives rise to
superconductivity and superfluidity. Much less studied is the phenomenon of formation
of heavier clusters, like trions and quartets. These heavier clusters have so far mostly
been relevant and studied in nuclear systems. This stems from the fact that in nuclear
physics there are more than two species of fermions, i.e. four different nucleons, which
are the proton and neutron, both spin up or down. They all attract one another forming
a strongly bound quartet, i.e. the α particle which is the smallest closed shell nucleus
with a bosonic nature. It is known that α-clustering aspects as well as mean-filed aspects
are essential features to understand the structure of light nuclei.
Recently it has been pointed out that certain states in self conjugate nuclei around
the α particle disintegration threshold can be described as product states of α particles,
all in the lowest 0S state. We define a state of condensed α particles in nuclei as a
bosonic product state in good approximation, in which all bosons occupy the lowest
quantum state of the corresponding bosonic mean field potential. A typical example
is the Hoyle state, 0+2 state at Ex = 7.65 MeV in
12C, the wave function of which is
Open Problems in α Particle Condensation 2
described by a product state of three α’s with 70 % probability. In heavier A = 4n
nuclei Hoyle-like states are predicted to exist in low density states, close to the nα
disintegration threshold. Studies on α particle condensation are quite advanced [1], but
still many open questions and problems exist. We want to address a couple of them in
this paper.
2. α particle condensation in heavier systems, other than the Hoyle state
Theory predicts that analogues to the Hoyle state in 12C with its three α particles
condensed into a common 0S orbit also should exist around the nα threshold in heavier
self conjugate nuclei [1, 2, 3, 4]. We have made a prediction that the 6-th 0+ state at
15.1 MeV in 16O should be such a state [5]. Even without any calculations, one realizes
its strong similarity with the Hoyle state:
i) It is strongly excited by inelastic electron scattering and, thus, its monopole
transition matrix element is quite large [6], Mcalc = 1.0 fm
2 (12C(0+2 ): M = 5.4 fm
2).
ii) It is situated just a couple of hundred keV above threshold: Hoyle in 12C at 380
keV above threshold (7.27 MeV), 6-th 0+ state 700 keV above 4 α particle threshold
(14.4 MeV).
iii) Though the width of the 15.1 MeV state in 16O (160 keV) is much larger than
the one of the Hoyle state (8.5 eV), it still is unusually small for a nuclear state so high
up in energy.
The width depends crucially on its position under the Coulomb barrier. The 15.1
MeV state in 16O is about twice as much above threshold as the Hoyle state. Barrier
height also may be lower in 16O because of stronger Coulomb repulsion of four vs three
α particles. More decay channels are open because of higher energy. Still, they are not
so many because shell model type of states have very little overlap with α condensate
states. Though those features easily can explain the larger width in 16O, it is still
surprisingly small. Unfortunately, measurements of the 15.1 MeV state in 16O are much
less advanced than for the Hoyle state. Inelastic electromagnetic form factors are very
much in need. The Hoyle state has very clearly been identified from a three α coincidence
measurement [7], hinting to its α-gas like structure. A 4α coincidence measurement in
16O with determination of the invariant mass, would be extremely useful. Hope comes
from the analysis of an experiment at LNS Catania with the CHIMERA detector with
4α particle coincidences [8]. However, we need more experiments of this kind. Also for
more α’s. There are probably many states in 16O which can be interpreted as excited
states out of the condensate. A conspicuous rotational band at around 17 MeV with
I = 0+, 2+, 4+, and 6+ with a very large moment of inertia is well known since several
decades [9]. It also has recently been reanalyzed by Freer et al. [10]. It is of great
importance to study the cluster structures in the 15 - 18 MeV range in greater detail.
One may reasonably think that also 20Ne, 24Mg possess α gas states. The Ikeda
threshold [11] increases fast though: 19.17 MeV for 20Ne, 28.48 MeV for 24Mg, 38.46
MeV for 28Si, etc. If the experimenters were able to excite those nuclei into a large
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amplitude breathing mode, at some point surely they would cluster into a coherent
state of α particles. Eventually for n = 8 - 10 α’s there will not exist a Coulomb
barrier any longer and the condensate gas will start to expand coherently as a soft
Coulomb explosion mode. There exist proposals to excite those large amplitude 0+
states by Coulomb excitation with projectiles of relativistic energies [12]. Some events
related with the Coulomb explosion are known in light nuclei since long from emulsion
tracks [13]. A dream may be to dissociate 40Ca into 10 α’s. However, the nα nuclei
need not to disintegrate totally into nα’s. There may subsist a non disintegrated core,
as e.g. 32S∗ = 16O + 4α, 52Fe∗ = 40Ca + 3α, etc. Such situations have been discussed
by von Oertzen [14], Brenner [15], and Ogloblin [16]. Still a clear finger print of such α
particle condensates on top of an inert core must be experimentally verified. However,
in α decay processes a bosonic enhancement seems having been seen [1].
3. Linear chain states and α particle rings
α particle cluster physics excited nuclear physicist’s imagination from the very early days
when Morinaga interpreted the Hoyle state as a linear chain of three α particles [17]. The
linear chain structure of alpha clusters has been discussed by many people theoretically
and experimentally [18]. Famous examples are the ones of 12C, 16O, and 24Mg. However,
the states in 12C and in 24Mg which were assigned to have linear alpha-chain structures
are now regarded to be inappropriate. For example, in 12C, the Hoyle state which is
the second 0+ state at 7.65 MeV, was assigned to have 3α linear chain structure but
it is now considered to have a 3α-gas-like structure. However, this does not mean that
the existence of linear alpha-chain structures is impossible. In fact, in the case of 12C,
there are some reports that the third 0+ state around 10 MeV has 3α chain structure,
although it is slightly bent away from the linear shape [19, 20]
For the case of 16O, as mentioned, Chevalier et al. [9] very early found a rotational
band around 17 MeV in 16O with a huge moment of inertia which they said can only be
understood if the corresponding state is interpreted as a linear chain of four α particles.
While many calculations have supported the idea of 4α linear chain, there are some
discussions with the 4α OCM (Orthogonality Condition Model) [5, 21] and potential
model [22] which try to explain the rotational states of Chevalier et al. by relating them
to the 4α condensate state. About the existence of chains of six α particles there is a
rather recent discussion [23].
Let us dwell a little further on these hypothetical linear chain states. The usual
picture of the linear alpha-chain structure is expressed by the use of Brink wave function
which has alpha clusters located on a line with equal inter-cluster distances. This means
that Brink’s description assumes a quasi rigid body picture of the chain state. One can
improve the wave function by introducing small-amplitude oscillations of alpha clusters
around their equilibrium positions. We now have some doubt about this common picture
of linear alpha-chain structure on the basis of our experience with the investigation of
alpha-condensate-like states expressed by the THSR (Tohsaki-Horiuchi-Schuck-Ro¨pke)
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wave function [2]. Our studies of alpha-condensate-like states teach us that, in three or
many alpha systems, when alpha clusters are clearly separated, they do not necessarily
keep any fixed geometrical arrangement but they move freely in the whole nuclear volume
like a gas. From this knowledge, we can make the conjecture that the alpha clusters
arranged on a line may move rather freely along the line instead of staying around
some equilibrium points. We checked the validity of this conjecture in the case of three
alpha clusters on a line in the following way. We calculated the energy obtained by the
Brink wave function with three alpha clusters arranged on a line with equal distance d
between neighboring clusters. Let us denote the minimum energy with respect to d as
E(Brink). Next we calculated the energy obtained by a one-dimensional THSR wave
function having the form,
A[exp{−
∑
i
((X2i + Y
2
i )/(b
2/2) + Z2i /(B
2/2))}(φ(α))3]. (1)
Let us denote the corresponding minimum energy with respect to B as E(1d −
THSR). We found that E(1d−THSR) is lower than E(Brink) by about 3.5 MeV. This
result supports our conjecture that even in a linear configuration the α’s can preferably
be in a condensate. In condensed matter such linear Bose condensates are called Tonks-
Girardeau gases having quite particular properties [24, 25]. This stems from the fact that
the ideal compact bosons cannot get around one another and, therefore, behave as hard
core bosons. The fact that two bosons cannot be on the same spot turns them effectively
into fermions. It would be interesting to see to which extent such a feature also is born
out in those linear chain condensates. It is well known that the α-α interaction has a
rather strong short-range repulsion if the relative motion energy is not so high. Thus
we need to investigate whether this short-range repulsion remains active in the linear
chain configuration of three or more α’s.
We think that the alpha-condensate-like structure gives us new physics, even for the
problem of linear chain structures of alpha clusters and we need further investigations in
this direction. The linear chain structures probably are strongly stabilized if a couple of
neutrons are added. Actually the linear chain has recently be considered by Itagaki et
al. in 16C [26]. They concluded that there exists a specific molecular orbit configuration
of four excess neutrons for which linear chain structure is stabilized especially for bending
mode. In such a case, it would be extremely interesting whether the fact that extra
neutrons are between three α’s hinders condensation to be born out to some extent or
even totally, see also discussion in Sec. 4.
But what about rings instead of chains? Such configurations also have been
discussed very early in the literature [27]. We here want to show a very preliminary
study of a constrained HFB calculation with the D1S force [28]. The constraint was to
make the nucleus more and more oblate but the code allowed for spontaneous breaking
of rotational symmetry. At some point of low density the system preferred to break up
into a ring of let’s say eight α particles for 32S. But a ring with six α’s also has been
found in the same way. The raw result is shown in Fig. 1. Of course, the energies of these
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states which come from a pure mean field HFB calculation are much too high. However,
the clustering probably is real. We have similar experience from the Hoyle state. Taking
out the spurious center-of-mass (c.o.m.) motion of the individual α particles may bring
down the energy to more realistic values. But their existence remains pure speculation
for the moment. Also the rings may considerably be stabilized by adding two neutrons
per link. In the case of six α’s twelve neutrons may give the most binding. Whether
chains or rings are more stable is an open problem which, obviously, may depend on the
number of α’s involved. We see that the chapter of α chains or even rings is by far not
closed and many things and surprises can be expected in the future.
Figure 1. Left (right) panel shows the 6α (8α) ring structure in 24Mg (32S) with
constrained HFB calculations [28].
4. Hoyle-type states with extra neutrons
Besides the 4n nuclei, one can expect cluster-gas states composed of alpha clusters with
extra neutrons (as well as deuterons and tritons etc.) around their cluster disintegrated
thresholds in A 6= 4n nuclei, in which all clusters are in their respective 0S-orbits,
similar to the Hoyle state with the (0Sα)
3 configuration. These states, thus, can be
called “Hoyle-analogues” in non-self-conjugated nuclei. It is an intriguing subject to
investigate whether or not Hoyle-analogue states exist in A 6= 4n nuclei, for example for
the simplest cases, 13C (11B), composed of 3α’s and one valence neutron (2α’s and one
t). The pertinent question is in which way the extra neutrons will influence the Hoyle
state.
Let us consider the case of 10Be when the two neutrons are in a pi orbit, see Fig. 2.
For example is a Brink type wave function more adequate for a gas-like state than
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Figure 2. Schematic figure of 2α+ 2n structure in 10Be.
a THSR wave function? Or, on the contrary, can we expect that such novel Hoyle-
like states have in addition to the α particles also the extra neutrons in loosely bound
0S-orbits, not influencing very much the condensates? The answer to these questions
probably very much depends on how the extra neutrons arrange themselves around
the α particles. Very likely, the most easy cases are the ones where one just has one
extra neutron, like in 9Be or 13C. The extra neutron in 9Be gives about 1.5 MeV extra
binding. An OCM calculation has recently been performed by Yamada et al. [29] for
13C. The resulting picture concerning the Hoyle-like states is the following. In the case
of the valence neutron mainly in the p-orbit, the attractive effect of the p-wave α-n
interaction induces 1) a reduction of the nuclear radius of the Hoyle state and 2) a
strong coupling of the 3α motion with the valence neutron, namely, the coupling of the
cluster configurations such as 12C(0+, 2+)+n and 9Be(3/2−, 1/2−)+α etc. Consequently,
the 3α condensate aspect in 1/2− states of 13C is significantly deteriorated, although the
1/2−4 state around the 3α+n threshold, corresponding to the 12.4-MeV state recently
observed by Kawabata et al. [30], has a somewhat large component of the Hoyle state
in comparison with the other states.
On the other hand, in the case of the valence neutrons mainly in the s-orbit, the
situation is very different from the case of the neutron in the p-orbit, due to the weak
attractive effect of the s-wave α-n interaction. It should be recalled that the p-wave α−n
interaction produces the resonant states of 3/2− and 1/2− in 5He, while the s-wave does
not. The results of the OCM calculation show that the 1/2+3 state (corresponding to the
12.1-MeV state) around the 3α+n threshold has a dilute condensate character, in which
the three alpha clusters occupy an identical 0S orbit with 55 % probability, indicating
the state being a candidate of the Hoyle-like state with the [(0Sα)
3(sν)] configuration.
The spin-orbit splitting in 13C, 3/2−-1/2−, is also an interesting quantity to extract
the information on the structure of the nuclear core, because the one-body spin-orbit
potential for the extra neutron depends on the density distribution of the nuclear core.
Since the Hoyle state has about triple volume with respect to the ground state, it can
be expected that the spin-orbit splitting felt by an extra neutron is correspondingly
weakened as compared with the one of the ground-state configuration [31]. Thus, the
spin-orbit splitting is one of the good tools to search for the Hoyle state coupled with
an extra neutron.
Open Problems in α Particle Condensation 7
Concerning the case of 11B, a Hoyle-analogue state with the main configuration of
[(0S)2α(0S)t] was explored with an OCM calculation [32]. It was indicated that the 12.56-
MeV state (Jpi = 1/2+) around the α + α + t threshold observed in the 7Li(7Li,11B∗)t
reaction etc. [33, 34, 35] is a candidate for the Hoyle-analogue state from the analyses
of the single-cluster motions in 11B.
Generally speaking one can expect that adding a lot of neutrons to Hoyle like
states will hinder their formation because of the Pauli principle. In chains and rings, as
discussed before, neutron pairs between the α particle links may substantially stabilize
those configurations. However, it is not clear whether these structures still show α
condensation aspects.
5. α particle condensation related to astrophysics
The cluster composition of compact stars is another field where eventually condensation
of α particles may play a role. Recent calculations [36, 37, 38] investigate the α particle
content of infinite nuclear matter as a function of density, asymmetry, and temperature.
Non-negligible α particle mass fractions are found in certain parameter ranges [39].
The question then arises whether in these phases the α’s also form a condensate. In
the past, we calculated critical temperatures for α particle condensation in infinite
symmetric nuclear matter studying a generalized Thouless criterion for quartets. Quite
high values for T αc were obtained. However, the Thouless criterion applies for weak
coupling situations and not for the strong coupling case with well established bosonic
clusters. Therefore, the high T αc values obtained in Ref. [40] are questionable.
If we treat the α’s as ideal elementary bosons, one obtains the following ideal Bose
gas relation for T αc ,
T αc /MeV = 13.634(nN/fm
−3)2/3, (2)
where nN denotes the nucleon density. Thus, T
α
c = 1 MeV occurs at the nucleon density
nN = 0.02 fm
−3. However, at that density interactions like the Pauli blocking become
of importance, and the ideal Bose gas is no longer an adequate approximation.
For densities in the range (1/1000 - 1/10)ρ0, one obtains low values for T
α
c . However,
this also is not a realistic estimate. What is needed is an interpolation formula covering
for quartet condensation the density dependence of T αc from high (weak coupling) to very
low and vanishing densities. Only in the last situation the above formula is strictly valid.
In the case of pairing such an interpolation scheme between strong and weak coupling
has been proposed by Nozie`res and Schmitt-Rink [41]. It would be very important to
generalize this scheme to the quartet case. Only then we can have a rough idea in which
parameter range α particle condensation can occur in compact stars, i.e. proto neutron
stars, etc. In this context another interesting problem to solve is the transition, i.e.
disappearance of α particles with increasing density (Mott transition) and appearance
of ordinary superfluidity (Cooper pairing in the deuteron channel). The latter being
more stable at high density [40, 42].
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The formation of α matter and α particle condensation in infinite matter is an
important issue in deriving the nuclear matter equation of state (EOS) at subsaturation
densities. In the low-temperature region, below the Mott density the α particles yield
the dominating contribution to the composition of symmetric matter, if we restrict us
to clusters with A ≤ 4. Below densities of the order 10−4 fm−3, nuclear matter can be
considered as an ideal mixture of free nucleons and clusters. The interaction between
the constituents can be neglected.
The mass action law gives increasing yield of α particles at decreasing temperature
for fixed density, but decreasing bound state concentration for decreasing density at
fixed temperature (entropy dissociation). The low-density limit at fixed temperature
is the ideal classical gas of nucleons. Corrections are given by the virial expansion. In
particular, within a cluster-virial expansion the empirical scattering phase shifts can be
used to evaluate density corrections for the ideal mixture of the different components.
Thus, the virial coefficient for α − α interaction is obtained from the corresponding
scattering phase shifts [43].
Alternatively, one can use the phase shifts to introduce an effective interaction.
The corresponding EOS has been reconsidered recently [44], also taking into account
the formation of a quantum condensate. The suppression of the α condensate with
increasing density was recently considered by Funaki et al. [45] in context with the
formation of a condensate-like state in low-density nuclei and its disappearance with
increasing density.
However, such effective interactions become questionable if the density is increasing
so that the wave functions of the clusters overlap. Then, Pauli blocking leads to the
dissolution of the clusters. Instead of an effective α particle interaction fitted to the
scattering phase shifts, one has to go back to the constituent nucleon-nucleon interaction.
The antisymmetrization of the wave function and the account of the Pauli exclusion
principle become essential. Calculations on that level have been performed only for a
lattice of α particles [46, 47, 48, 49, 50].
The full calculation for α matter (freely moving α particles) would give the energy
per nucleon for symmetric matter in the low-density limit. Furthermore, it would be
of importance to calculate the α-pair distribution function in infinite matter, and to
calculate the modification of the α form factor at increasing nucleon density within such
a first principle approach that includes the full antisymmetrization of the nucleon wave
function. The relevance for finite dilute nuclei and the outer region of heavy nuclei is
obvious.
An important quantity is the binding energy per nucleon or, more generally, the
nuclear matter EOS. At very low densities, the internal energy per nucleon takes the
value U = 3
2
T for the classical ideal gas of free nucleons. When clusters are formed
in nucleon gas with low temparature and very low density, the binding energy of the
nucleons in clusters determines the internal energy. In the case of α particles this
contribution to the internal energy amounts to about −7 MeV. It determines the
internal energy at zero temperature in the low-density limit. Recently [39] appropriate
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approaches to the EOS have been investigated, to be of use in supernova explosion
calculations.
With increasing density, the Pauli blocking leads to a reduction of the binding
energy of the α particles and its dissolution. This is the reason for the increase of
internal energy until the Mott density (≈ 0.01 fm−3) is reached. Above the Mott density,
after the bound states are dissolved, the free nucleon Relativistic Mean field approach
or similar effective quasiparticle approaches give the behavior of the internal energy. A
more detailed investigation of the internal energy should also include the virial coefficient
for α−α interaction [43, 44] as well as the formation of a condensate [50] what has not
been considered up to now in the EOS at low temperatures and low densities.
The approximation of the uncorrelated medium can be improved considering
the cluster mean-field approximation [51, 52, 53]. This would also improve the
correct inclusion of α matter as discussed here. The formation of quantum
condensates (quartetting) and its disappearance with increasing density demands further
investigations.
We considered only the formation of light clusters A ≤ 4. This limits the parameter
range of the total neutron density ntotn , the total proton density n
tot
p , and T in the phase
diagram to that area where the abundances of heavier clusters are small. For a more
general approach to the EOS which takes also the contribution of heavier cluster into
account, see Refs. [52, 54]. Future work on the nuclear matter EOS will include the
contribution of the heavier clusters.
Phase separation occurs when thermodynamic stability ∂µN/∂nN ≥ 0 is violated.
For given T , volume Ω and particle numbers Nτ = nτΩ, the minimum of the
free energy F = FΩ has to be found. If the EOS nτ = nτ (T, µn, µp) is
known, this thermodynamic potential follows from integration, e.g., F (T, np, nn) =∫ nn
0
µn(T, 0, n
′
n)dn
′
n +
∫ np
0
µp(T, n
′
p, nn)dn
′
p. For stability against phase separation, the
curvature matrix Fτ,τ ′ = ∂
2F/∂nτ∂nτ ′ |T has to be positive, i.e. Tr [Fτ,τ ′] ≥ 0, Det
[Fτ,τ ′] ≥ 0.
At present, it is unclear whether the chemical potential becomes larger with
increasing nucleon density near the region, where the bound states are dissolved,
indicating a region of metastability. This would be of high interest for the metastability
of low-density nuclei. The existence of a condensate will influence not only the EOS
of nuclear matter, but also the transport properties and reaction rates (e.g. neutrino
absorption) in such systems.
6. α particle vs 8Be condensation
In Bose-Einstein condensation for bosons with attractive interaction the question was
discussed [55] whether the bosons condense as singles or as molecules if the interaction
is strong enough to bind two bosons to a molecule in free space. Without Coulomb
repulsion 8Be would be bound by 3-5 MeV. In compact stars Coulomb is screened by
electrons. Even in nuclei within a gas of nα’s the Coulomb repulsion between two α’s
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may be screened to some extent. It is intriguing that some studies of the Hoyle state
show [19, 20] that in the loosely bound α gas state always two of the three α’s are slightly
closer to one another than to the third α particle. So the question certainly is relevant
whether one should consider the condensation of α’s or the one of 8Be’s. Of course,
depending on temperature and/or asymmetry, also heavier bosonic clusters as 16O, · · ·,
56Fe can be formed. However, for the moment we do not consider this possibility, since
the time scale to form these heavier clusters may be considerably longer than for the
lighter ones. On the other hand, depending on temperature and/or asymmetry they
may not be formed at all, see Sec. 5. Since 8Be is a loosely bound dimer of two α’s, it
may be appropriate to consider both clusters together.
7. Gas of trimer clusters
In nuclear physics we not only have clusters of even number of fermions (bosons) but also
clusters of odd number of fermions (which again are fermions). For example nucleons are
in first approximation strongly bound clusters of three quarks. Then at higher densities
and/or temperatures it would be very interesting to know how these clusters dissolve
into their constituents, or the other way round, a process known as hadronization. It
is experimentally known that 6He has an excited state at 12-15 MeV where the 6He is
broken up into two tritons. A gas of nα particles where 2n neutrons are added may
have a resonant state of n tritons. Formally such a gas of trimers again could be treated
with a THSR wave function [56],
Ψtrimer = A[φtφt · · ·φt]. (3)
The antisymmetrizer will take care of the fact that the new gas of trimers builds up
its proper Fermi surface. In the nucleon, two of the three quarks may form a strongly
bound di-quark which can be considered as a boson. How boson-fermion correlations
are built up in a boson-fermion mixture has recently been treated in Refs. [57, 58].
8. Conclusions
The field of α particle condensation is rapidly evolving. However, as discussed in this
contribution, many open questions subsist. One of the most urgent issues is to verify
experimentally that in 16O indeed the 15.1 MeV state is an α particle condensate state.
It is very intriguing to explore Hoyle-analogue states in A 6= 4n nuclei. A correct
determination of the critical temperature for α particle condensation in infinite matter
is also very important in the astrophysical context. On the other hand, the formation
of cluster condensation is discussed in cold atom physics, as experimenters are able to
trap simultaneously more than two kinds of fermions. For example, one has succeeded
to fabricate trions [59] with three different fermions and in the future eventually also
quartets with four different fermions. Whether quartets exist in the form of bi-excitons
in semi conductors is still an open question [60]. Nuclear physics, thus, is standing at
the forefront of this subject.
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